Abstract-The hidden subgroup problem is a pivotal problem in quantum computation since it reflects the structure of tasks for which quantum algorithms significantly outperform classical algorithms. In this paper, a quantum algorithm that solves the hidden subgroup problem over the generalized quaternion group is developed. The algorithm employs the abelian quantum Fourier transform and Kuperberg sieve to reveal the hidden subgroup.
I. INTRODUCTION
The hidden subgroup problem can be stated for any group G as follows.
Definition I.1. Let f : G → X map a group G to a finite set X. Let H be a subgroup of G such that for any g 1 , g 2 ∈ G, f (g 1 ) = f (g 2 ) if and only if g 1 H = g 2 H. Determine the generating set of H.
Almost all known quantum algorithms that run superpolynomially faster than their classical counterparts also solve special cases of the hidden subgroup problem. For example, the ground-breaking Shor's factorization algorithm [1] effectively solves the abelian hidden subgroup problem with G = Z, X = Z × N , H = rZ, where N is the integer to be factored, and r is the period of the function f (x) = a x mod N, a ∈ Z such that 1 < a < N.
II. THE HIDDEN SUBGROUP PROBLEM FOR QUATERNIONS A. The Generalized Quaternions
The generalized quaternion group of order 2 n , n ≥ 3, is given by the presentation
1) Group Presentation and Construction:
Theorem II.1. Let K = Z 2 n−1 Z 4 with the group operation given by
Proof: Let N = (2 n−2 , 2) . We have
and so |N | = 2. From
it follows that
Also,
and
Therefore, (2 n−2 , 2) ∈ Z (K) and N K.
we conclude that φ is a homomorphism.
Moreover, since φ (1, 0) = x and φ (0, 1) = y, φ is an epimorphism.
Then there is an epimorphism
that must be an isomorphism since
Corollary II.2. Any element of Q 2 n can be written uniquely in the form
Note that due to the relation x 2 n−2 = y 2 , it suffices to consider only b ∈ {0, 1}.
Hence, the generalized quaternion group can be written as
The subgroups of Q 2 n are of the forms:
III. HIDDEN SUBGROUP ALGORITHM FOR QUATERNIONS

A. The Group Q 4
The group Q 4 is given by
The only subgroups of Z 4 are H 1 = 4 , H 2 = 2 and H 3 = 1 . Since a periodic function f with period r on a cyclic group x hides a subgroup x r , this case is treated as a special case of period finding, a pivotal part of Shor's algorithm.
Let G = Z 4 , and suppose the black-box function f :
The algorithm is implemented by the circuit in Fig. 1 .
The Hadamard gate puts the qubits in the top register into an equally-weighted superposition
. Application of the unitary transformation U f produces the state If r = 2, the hidden subgroup is H 2 = 2 , and
Hence, the state |ψ 2 becomes
and reduces to
Measurement of the top register now yields, with probability 1 2 , either 0 or 2. If 0 is measured, the algorithm must be repeated.
B. Hidden Subgroup Problem for Generalized Quaternions
The hidden subgroup problem for generalized quaternions (QHSP) is defined as follows.
Definition III.1 (QHSP). Given a black-box function f : Q 2 n → S that maps elements of Q 2 n into some finite set S and is known to be constant and distinct on left cosets of a subgroup H ≤ Q 2 n , find a generating set for H.
Suppose the hidden subgroup H is of the form (a, 0) , (b, 1) with a | 2 n−2 and b ∈ Z a . Consider the restricted functionf = f | K where K = (1, 0) ∼ = Z 2 n−1 . Thenf hides the subgroup H = (a, 0) , and a can be extracted efficiently using Shor's algorithm, since K is abelian [2] . The commutative diagram in Fig. 2 illustrates the reduction of the QHSP over Q 2 n to the QHSP over Q 2 n / H. Proof: The inverse of any (c, d) ∈ Q 2 n is given by
Then for any
Hence, H Q 2 n . LetQ = Q 2 n / H and define a functionf :Q → S bŷ f g + H = f (g) for all g ∈ Q 2 n . Then the functionf hides the subgroupĤ = H/ H = (b, 1) , and it suffices to consider subgroups of the form (b, 1) .
We have
The QHSP is reduced to determining b.
C. Coset Sample Generation Procedure
Let |REG 1 , |REG 2 denote the top (input) register and the bottom (output) register, respectively. The algorithm starts with a coset sample generation procedure (CSG) that produces single-qubit states of a particular form, with b encoded in a phase factor. The routine CSG is given by the following sequence.
1) Create the uniform superposition over all elements of Q 2 n , i.e., the state
2) Query the black-box function f to obtain the state
3) Measure |REG 2 to collapse the state (30) to
4) Apply the QF T † to |REG 1 to produce the state
5) Measure |REG 1 to obtain the state
for some z chosen uniformly at random from {0, 1, ..., 2 n − 1}.
We now exploit the form of |ψ z to find the least significant bit of b.
Proposition III.3. All the bits of b can be determined with n iterations of an algorithm that finds the least significant bit of b.
Proof: The group Q 2 n contains two subgroups isomorphic to Q 2 n−1 , namely, 
D. The Kuperberg Sieve
The goal is to prepare the state
which is subsequently subjected to a measurement in the Hadamard basis |± = |0 ± |1 √ 2
to extract the least significant bit of b. The extraction works as follows.
Proposition III.4. 
Then application of Hadamard to the state (36) yields H |ψ 2 n−1 = 1 + (−1)
